Abstract. The challenge to obtain from the Euclidean Bethe-Salpeter amplitude the amplitude in Minkowski is solved by resorting to un-Wick rotating the Euclidean homogeneous integral equation. The results obtained with this new practical method for the amputated Bethe-Salpeter amplitude for a two-boson bound state reveals a rich analytic structure of this amplitude, which can be traced back to the Minkowski space Bethe-Salpeter equation using the Nakanishi integral representation. The method can be extended to small rotation angles bringing the Euclidean solution closer to the Minkowski one and could allow in principle the extraction of the longitudinal parton density functions and momentum distribution amplitude, for example.
Introduction
Techniques to solve the Bethe-Salpeter Equation (BSE) in Minkowski space have been developed for bound state of bosons [1, 2, 3, 4, 5] and fermions [6, 7, 8] , at the expense of being algebraically quite involved, either by use of the Nakanishi integral representation (NIR) [9] or by direct integration. On the other hand, calculations done in Euclidean space after performing the Wick rotation of the BSE are conceptually straigthforward [10, 11] , but it is nontrivial to obtain structure observables that are defined on the light-front, such as e.g. parton distributions, from Euclidean solutions. It is desirable to be able to undo the Wick rotation and obtain the Minkowski space solutions from the Euclidean solutions, such that one could extract Minkowski space observables. The first steps in this direction are provided in this contribution.
Our goal here is to present solutions of the BSE for two-bosons close to the Minkowski space, by introducing a rotation into the complex plane of k 0 → k 0 exp(ıθ), where θ = π/2 is the standard Wick-rotation associated with the Euclidean space formulation, while the Minkowski space formulation corresponds to θ = 0. We present solutions of the BSE for small angles and show that the rich analytic structure is accessible numerically by such technique [12] . The branch-points obtained from the integral representation of the vertex function are exhibited by our accurate numerical solutions, for the two-boson bound state in ladder approximation. We present an initial study with angles small as θ = π/128 ≈ 1.4 • , where we also explore different masses µ of the exchanged boson, as well as binding energies.
Two-body BSE in Euclidean space
A two-body bound state with total four-momentum p with p 2 = −M 2 can be described by the amputated Bethe-Salpeter vertex function Γ, which is a solution of the two-body bound state equation
Here, K is the two-body scattering kernel, and ∆ are the (dressed) propagators for the constituent particles. In ladder truncation, the kernel reduces to
Using bare propagators in the rest frame with 3-dimensional spherical coordinates, p = (iM, p = 0), we have for the scalar bound state in the Euclidean metric
where
The corresponding canonical normalization condition [13] can be written as
such that Γ(k 0 , k v ; i M )/N is the properly normalized amputated Bethe-Salpeter vertex. Although BSE is usually solved in the rest frame of the bound state, it should be noted that the (amputated) vertex Γ(k 2 , k · p; p 2 = −M 2 ) is a function of the Lorentz scalar variables k 2 and k · p at fixed p 2 . As long as the truncation of the BSE does not break Lorentz invariance (including any regularization schemes of divergences), the obtained solution is frame independent, and therefore does not need to be boosted for e.g. form factor calculations. Indeed, it has been demonstrated that meson observables, including form factors, calculated in the ladder truncation, are indeed frame-independent [14, 15] .
Un-Wick rotation towards Minkowski space
Starting with the Euclidean space ladder BSE the rest frame, Eq. (2), we can make a change of variables k 0 → k 0 e iδ and k 0 → k 0 e iδ with the rotation angle δ = θ − π/2, where θ is the rotation angle with respect to the usual Minkowski definition of the zero component of the momentum. Thus the un-Wick rotated BSE becomes
which can be solved numerically, e.g. by iteration. In particular, starting from the Euclidean solution (δ = 0), one can increase δ in small steps, and at each step use the solution at the previous step as the initial guess for solving the BSE iteratively, as is illustrated in the left panel of Fig. 1 . Of course, as one approaches the Minkowski axis (δ → π/2, or equivalently, θ → 0), the numerical challenges in order to obtain a stable solution increase. Although we cannot solve the BSE at θ = 0 exactly, we may be able to extrapolate to θ = 0. 
Two-body BSE in Minkowski space
Alternatively, one can use the NIR to solve the BSE in Minkowski space formulation. Following Ref. [1] , we make use of the uniqueness assumption of the Nakanishi weight function in the non-perturbative domain. We have to remind that for the Bethe-Salpeter amplitude itself, the uniqueness assumption can be overcome, using the method of Light-Front projection [16] , followed by the application of the inverse generalized Stieltjes transform [17] .
The integral representation of the vertex function Γ is
A task we have to undertake is to determine the minimum value of γ by checking for the adequacy of the solution in the form above for the BSE, which can in principle depend on z [18] . After introducing the one-boson exchange kernel in the BSE, and using uniqueness, we find that [1] 
After a redefinition of the parameter γ, the integral equation for g Γ (γ, z) can be solved numerically using basis expansion (see e.g. [19] ), and from that the observables like parton distributions can be calculated.
As a consistency check, we can also apply the (un-)Wick rotation to the NIR, and calculate the vertex function Γ(e iθ k 0 , k v ; M ) from g Γ (γ, z). We do indeed find good agreement between the un-Wick rotated solution of the Euclidean BSE and the solution at arbitrary angles θ from the NIR, as can be seen in the right panel of Fig. 1 . 
which in the rest frame gives the branch-points at
The positive and negative branch-points in k 0 closest to the origin are separated by 2 (m + µ) 2 + k 2 v − M , which allows the rotation of the arguments of the vertex function in the complex k 0 plane without crossing singularities. This non-analytic behavior of the vertex function at these branch-points should be corroborated by the numerical results found for Γ(k; p) in the k 0 plane. . At fixed binding energy, these peaks are more pronounced as the mass of the exchange particle decreases to zero.
As one decreases the angle θ to approach the Minkowski axis, both the peak in the real part of Γ(k 0 , k v ) and the sharp rise in the imaginary part of Γ(k 0 , k v ) become more pronounced, see 
in addition to Γ(k 0 , k v ; p). Here we clearly see that the analytic structure of χ(k 0 , k v ; p) is dominated by the poles in the constituent propagators ∆; the additional non-analytic structure at |k 0 | = k 
Concluding remarks
In this work we present a method to solve the BSE for two-bosons close the timelike axis in Minkowski space. To this end we perform an un-Wick rotation of the Euclidean BSE into the k 0 complex plane. Our solutions of this un-Wick rotated BSE are in good agreement with solutions obtained by solving the BSE in Minkowski space using the Nakanishi Integral Representation and a posteriori rotation into the complex plane. The numerical solutions suggest the existence of branch-points as one approaches the timelike region. Indeed, a detailed analysis of the Minkowski space Bethe-Salpeter equation using the Nakanishi Integral Representation reveals a rich analytic structure of the Bethe-Salpeter amplitude.
In conclusion, the un-Wick rotation captures the main physics of the vertex function, and it can be a valuable tool in the study of the Bethe-Salpeter amplitude close to the timelike region. We expect that this method can be useful to obtain structure observables that are defined on the light-front, such as e.g. parton distributions, and to further explore the phenomenology of strongly relativistic bound state systems.
